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Abstract: A relation between Fick-Jacobs and Schrödinger equation is shown.
When the diffusion coefficient is constant, exact solutions for Fick-Jacobs equa-
tion are obtained. Using a change of variable the general case is studied.
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1. Introduction

Recently, methods of quantum physics haven been used to solve problems in
other disciplines. For instance, Black-Scholes can be mapped to Schrödinger
equation [1, 2, 3]. It is worth to mention that Black-Scholes equation plays an
important role in finance [1, 2, 3]. Moreover, it is well known that the Fick
equation represents the simplest model of diffussion. The Fick equation can
be mapped to Schrödinger equation too. When the diffusion is in a channel
which has shape of surface of revolution with cross section of area A(x), the
Fick equation is changed to Fick-Jacobs equation [4]

∂C(x, t)

∂t
=

∂

∂x

[

D(x)A(x)
∂

∂x

(

C(x, t)

A(x)

)]

, (1.1)

where C(x, t) is the concentration of particles and D(x) is the diffusion coeffi-
cient.
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The Fick-Jacobs equation is important to study diffusion in biological chan-
nels or zeolites and is studied with perturbative and numerical methods [5, 6,
7, 8, 9, 10, 11]. In this paper we find a relation between Fick-Jacobs and
Schrödinger equation. Also, using quantum mechanics methods, we obtain
exact solutions for Fick-Jacobs equation, in particular when the diffusion coef-
ficient is constant and the shape of channel is conical, throat-like, sinusoidal or
Gaussian. To study the Fick-Jacobs equation with constant diffusion coefficient,
we use the operator

P̂(f) = −i ∂
∂x

+ i
∂f(x)

∂x
, x ∈ R (1.2)

where f is smooth function. The operator (1.2) was first studied by P. A. M.
Dirac [12]. The general case is studied with a change of variable.

This paper is organized as follows: In Section 2 a review of quantum me-
chanics with a generalized operator (1.2) is presented. In Section 3 is shown
a relation between Fick-Jacobs and Schrödinger equation. In Section 4 some
properties of solutions are considered. In Section 5 the case with constant dif-
fusion coefficient is studied for different examples. In Section 6 the general case
is analyzed. Finally in Section 7 a summary is given.

2. Generalized Momentum Operator

The Hermitian operator

P̂ = −i ∂
∂x

(2.1)

is the usual momentum operator in quantum mechanics, with ~ = 1. However,
in early quantum mechanics, P. A. M. Dirac studied the no-Hermitean operator
[12]

P̂(f) = ef(x)P̂ e−f(x) = P̂ + i
∂f(x)

∂x
. (2.2)

This operator is very interesting, for example using it we can build a supersym-
metric quantum mechanics. In fact, lets us propose the Hermitian Hamiltoni-
ans:

Ĥ1 = α2P̂ †

(f)P̂(f) = α2

(

P̂ 2 +
d2f

dx2
+

(

df

dx

)2
)

, (2.3)
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Ĥ2 = α2P̂(f)P̂
†

(f) = α2

(

P̂ 2 − d2f

dx2
+

(

df

dx

)2
)

, (2.4)

here α is constant. Now, if W is a smooth function, we can propose

f(x) =

∫ x

0
W (u)du, x ≥ 0, (2.5)

then

Ĥ1 = α2

(

P̂ 2 +
dW

dx
+W 2

)

, (2.6)

Ĥ2 = α2

(

P̂ 2 − dW

dx
+W 2

)

. (2.7)

These Hamiltonians can be used to form the matrix

Ĥ =

(

Ĥ1 0

0 Ĥ2

)

. (2.8)

According to the supersymmetric quantum mechanics [13], Ĥ represents a su-
perhamiltonian.

Furthermore, with the operator (2.2) we can build the Hamiltonians:

Ĥ3 = β2P̂ †

(f)
P̂ †

(f)
= β2

(

P̂ 2 − 2i
df

dx
P̂ − d2f

dx2
−
(

df

dx

)2
)

, (2.9)

Ĥ4 = β2P̂(f)P̂(f) = β2

(

P̂ 2 + 2i
df

dx
P̂ +

d2f

dx2
−
(

df

dx

)2
)

, (2.10)

where β is constant. These Hamiltonians are no-Hermitian, however with them
we can construct Hamiltonians which arise in the so-called quantum finance [3].
We will use these Hamiltonians to study Fick-Jacobs equation.

Now, using the Hamiltonians Ĥ3 and Ĥ4, we can set the wave equations

i
∂ψ3(x, t)

∂t
= Ĥ3ψ3(x, t), (2.11)

i
∂ψ4(x, t)

∂t
= Ĥ4ψ4(x, t). (2.12)

Both of these equtions are equivalent to non-relativistic free particle. In fact,
first note that

P̂ †

(f)P̂
†

(f) = e−f(x)P̂ ef(x)e−f(x)P̂ ef(x) = e−f(x)P̂ 2ef(x),
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P̂(f)P̂(f) = ef(x)P̂ e−f(x)ef(x)P̂ e−f(x) = ef(x)P̂ 2e−f(x), (2.13)

namely

i
∂ψ3(x, t)

∂t
= Ĥ3ψ3(x, t) = β2e−f(x)P̂ 2ef(x)ψ3(x, t),

i
∂ψ4(x, t)

∂t
= Ĥ4ψ4(x, t) = β2ef(x)P̂ 2e−f(x)ψ4(x, t),

thus

i
∂
(

ef(x)ψ3(x, t)
)

∂t
= β2P̂ 2

(

ef(x)ψ3(x, t)
)

,

i
∂
(

e−f(x)ψ4(x, t)
)

∂t
= β2P̂ 2

(

e−f(x)ψ4(x, t)
)

.

These equations represent the free particle wave equation and their solutions
are:

ef(x)ψ3(x, t) = e−iβ2P̂ 2t
(

ef(x)ψ03(x)
)

,

e−f(x)ψ4(x, t) = e−iβ2P̂ 2t
(

e−f(x)ψ04(x)
)

, (2.14)

where ψ3(x, 0) = ψ03(x) and ψ4(x, 0) = ψ04(x) are the initial conditions. There-
fore,

ψ3(x, t) =
(

e−f(x)e−iβ2P̂ 2tef(x)
)

ψ03(x),

ψ4(x, t) =
(

ef(x)e−iβ2P̂ 2te−f(x)
)

ψ04(x) (2.15)

are the general solution of equations (2.11) and (2.12).
Also, if V is a potential, we can prove that the wave equations

i
∂ψ3(x, t)

∂t
=

(

β2P̂ †

(f)P̂
†

(f) + V (x)
)

ψ3(x, t) (2.16)

i
∂ψ4(x, t)

∂t
=

(

β2P̂(f)P̂(f) + V (x)
)

ψ4(x, t), (2.17)

are equivalent to

i
∂
(

ef(x)ψ3(x, t)
)

∂t
= Ĥ

(

ef(x)ψ3(x, t)
)

, (2.18)

i
∂
(

e−f(x)ψ4(x, t)
)

∂t
= Ĥ

(

e−f(x)ψ4(x, t)
)

, (2.19)
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here the Hamiltonian is

Ĥ = β2P̂ 2 + V (x). (2.20)

The general solutions of the equations (2.18) and (2.19) are:

ef(x)ψ3(x, t) = e−iĤt
(

ef(x)ψ03(x)
)

, (2.21)

e−f(x)ψ4(x, t) = e−iĤt
(

e−f(x)ψ04(x)
)

, (2.22)

therefore, the general solutions of the equations (2.16) and (2.17) are given by

ψ3(x, t) =
(

e−f(x)e−iĤtef(x)
)

ψ03(x), (2.23)

ψ4(x, t) =
(

ef(x)e−iĤte−f(x)
)

ψ04(x), (2.24)

where the initial conditions are ψ3(x, 0) = ψ03(x) and ψ4(x, 0) = ψ04(x).
In the next section we will use these results to show a equivalence between

Fick-Jacobs and Schrödinger equation.

3. Fick-Jacobs Equation as Schrödinger Equation

The Fick-Jacobs equation (1.1) can be written as

∂C(x, t)

∂t
= D(x)

∂2C(x, t)

∂x2
+D(x)

∂

∂x

[

ln

(

D(x)

A(x)

)]

∂C(x, t)

∂x

− ∂

∂x

(

D(x)
∂ lnA(x)

∂x

)

C(x, t). (3.1)

Now, with the change of variable

y =

∫ x

x0

dz
√

D(z)
, x0 = constant, (3.2)

we have

∂

∂x
=

1
√

D(x)

∂

∂y
, D(x)

∂2

∂x2
=

∂2

∂y2
−
∂
(

√

D(x)
)

∂x

∂

∂y
. (3.3)

Using (3.3) in (3.1), we get

∂C(y, t)

∂t
=

∂2C(y, t)

∂y2
+
√

D(x)
∂

∂x

(

ln

[

√

D(x)

A(x)

])

∂C(y, t)

∂y
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− ∂

∂x

(

D(x)
∂ lnA(x)

∂x

)

C(y, t). (3.4)

Whether the change of variable (3.2) is invertible, this equation can be written
as a function of variable y. Also, if (3.2) is invertible, we can define the functions:

∂

∂y
f(y) = −1

2

√

D(x)
∂

∂x

[

ln

(

√

D(x)

A(x)

)]

,

V (y) =

(

∂f(y)

∂y

)2

− ∂2f(y)

∂y2
+

∂

∂x

(

D(x)
∂ lnA(x)

∂x

)

. (3.5)

Then (3.4) can be written as

−∂C(y, t)

∂t
= ĤfC(y, t), (3.6)

here

Ĥf = P̂ 2 + 2i
∂f(y)

∂y
P̂ +

∂2f(y)

∂y2
−
(

∂f(y)

∂y

)2

+ V (y), P̂ = −i ∂
∂y
.

Moreover, using the results of Section 2, we obtain

Ĥf = ef(y)Ĥe−f(y), Ĥ = P̂ 2 + V (y), (3.7)

then

−∂C(y, t)

∂t
= ef(y)Ĥe−f(y)C(y, t), (3.8)

namely

−
∂
(

e−f(y)C(y, t)
)

∂t
= Ĥ

(

e−f(y)C(y, t)
)

(3.9)

and the solution of this equation is given by

e−f(y)C(y, t) = e−Ĥt
(

e−f(y)C0(y)
)

. (3.10)

Thus, when the change of variables (3.2) is invertible, the general solution
of Fick-Jacobs equation is

C(y, t) =
(

ef(y)e−Ĥte−f(y)
)

C0(y), (3.11)

with the initial condition C(y, 0) = C0(y).
There are several examples where the change of variable (3.2) is invertible,

for instance D = constant, D(x) = xn, n = 1, 2, · · · , or D(x) = eαx, α ∈ R.
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4. Some Properties of Solutions

Now we will study some solutions properties of Fick-Jacobs equation.
First, lets us take

C0(y) = ef(y), (4.1)

then the solution (3.11) gives

C(y, t) = ef(y). (4.2)

Namely, in this case the system does not evolve. It is a interesting result,
because in this case there is not diffusion.

Now, whether we want to find the evolution of any condition initial, we can
use quantum mechanics results. For example, when the Hamiltonian is

Ĥ = P̂ 2, (4.3)

and initial condition is

C0(y) = ef(y)
1

(2πσ2)1/2
e−

(y−a0)
2

4σ2 , a0, σ = constant, (4.4)

using quantum mechanics results, we get

C(y, t) = ef(y)
(

σ2

2π

)1/4
1

(σ2 + t)1/2
e
−

(y−a0)
2

4(σ2+t) . (4.5)

In general, if Ĥψn(y) = Enψn(y) and the concentration initial is

C0(y) = ef(y)φ0(y). (4.6)

with

φ0(y) =
∑

n≥0

anψn(y), (4.7)

where an are Fourier coefficients, then

C(y, t) =
∑

n≥0

ane
f(y)e−Entψn(x).

Thus, as the Fick equation, the solution of Fick-Jacobs equation can be
seen as quantum states.
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5. Fick-Jacobs Equation with Constant Diffusion Coefficient

In this section we study the particular case D = D0 = constant.
For this case the general solution is given by

C(x, t) =
√

A(x)e−Ĥt

(

C0(x)
√

A(x)

)

, (5.1)

with

Ĥ = D0

(

P̂ 2 + V (x)
)

, P̂ = −i ∂
∂x
, (5.2)

V (x) =
1

2

1

A(x)

∂2A(x)

∂x2
− 1

4

(

∂ lnA(x)

∂x

)2

. (5.3)

Now lets us consider the following geometries:

5.1. Canonical Channel

When the channel is a cone, the cross-sectional area is A(x) = π(1+λx)2, where
λ is the slope of the generatriz of the cone. For this case, the potential (5.3) is

V (x) = 0. (5.4)

Then, using the results of Section 3, we find

C(x, t) = (1 + λx)e−D0P̂ 2

(

C0(x)

1 + λx

)

, (5.5)

here the initial condition C(x, 0) = C0(x) is satisfied.
In particular case

C0(x) =
(1 + λx)

(2πσ2)1/2
e−

(x−a0)
2

4σ2 , (5.6)

we get

C(x, t) = (1 + λx)

(

σ2

2π

)1/4
1

(σ2 + tD0)
1/2

e
−

(x−a0)
2

4(σ2+tD0) . (5.7)

The conical tube was solved in [8] with a particular initial condition, here
we solve the equation in general.
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5.2. Throat-Like Channel

If the channel is a throat-like, the cross-sectional area can be taken as an ex-
ponential function

A(x) = eαx+β, (5.8)

where α and β are constants. In this case the potential (5.3) is

V (x) =
α2

4
. (5.9)

Therefore, the general solution is

C(x, t) = e−
D0α

2t
4 e

αx
2 e−D0P̂ 2te−

αx
2 C0(x). (5.10)

Then, when the initial condition is a Gaussian

C0(x) =
e

α
2
x

(2πσ2)1/2
e−

(x−a0)
2

4σ2 , (5.11)

the concentration for any time is

C(x, t) = e−
D0α

2t
4 e

αx
2

(

σ2

2π

)1/4
1

(σ2 + tD0)
1/2

e
−

(x−a0)
2

4(σ2+tD0) . (5.12)

5.3. Sinusoidal Channel

If the channel is sinusoidal, the cross section is

A(x) = B (sin γx)2 , B, γ = constants. (5.13)

In this case the potential (5.3) is

V (x) = −γ2. (5.14)

Then the solution is

C(x, t) = eD0γ2t sin(γx)e−D0P̂ 2t C0(x)

sin(γx)
. (5.15)

When condition initial a Gaussian

C0(x) =
sin(γx)

(2πσ2)1/2
e−

(x−a0)
2

4σ2 , (5.16)

the concentration for any time is

C(x, t) = eD0γ2t sin(γx)

(

σ2

2π

)1/4
1

(σ2 + tD0)
1/2

e
−

(x−a0)
2

4(σ2+tD0) . (5.17)
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5.4. Gaussian Channel

Whether the area of the cross section of the channel is a Gaussian, we have

A(x) = eax
2+bx+c, (5.18)

here a, b and c are constants. In this case the potential defined in (5.3) is

V (ζ) = a2ζ2 + a, with ζ = x+
b

a
, (5.19)

and the general solution is

C(ζ, t) = e−D0ate
aζ2

2 e−ĥte−
aζ2

2 C0(ζ), (5.20)

where

ĥ = D0

(

P̂ 2 + a2ζ2
)

, (5.21)

When we define m = 1/(2D0) and ω2 = 4D2
0a

2, the operator (5.21) is the
Hamiltonian oscillator harmonic. Then, if ψn(ζ) is eigenfunction of ĥ, we have

ĥψn(ζ) = ψn(ζ)En, En = 2D0a

(

n+
1

2

)

, n = 0, 1, 2, · · · .

Therefore, if the initial condition is

C0(ζ) = e
1
2
aζ2
(a

π

)1/4
ψn(ζ), (5.22)

the concentration for any time is

C(ζ, t) = e−D0at e
aζ2

2 e−2D0a(n+ 1
2)tψn(ζ). (5.23)

6. Other Cases

In some cases the diffusion coefficient is given by [5, 10]

D(x) =
D0

(

1 +

[

d
dx

(

√

A(x)
π

)]2
)1/2

. (6.1)
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When the change of variable (3.2) is invertible, we can study these cases. For
instance, for the conical channel, which has cross section A(x) = π(1 + λx)2,
the change of variable in this case is

y = x

(√
1 + λ2

D0

)
1
2

and it is invertible.

7. Summary

We have shown a relation between Fick-Jacobs and Schrödinger equation. When
the diffusion coefficient is constant, we have obtained exact solutions for Fick-
Jacobs equation for different geometries. Moreover, the general case was studied
and it has shown that the solutions of Fick-Jacobs equation can be seen as a
quantum state.
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52 J.M. Romero, O. González-Gaxiola, G. Chacón-Acosta

[8] A.M. Berezhkovskii, M.A. Pustovoit, S.M. Bezrukov, Diffusion in a tube
of varying cross section: Numerical study of reduction to effective one-
dimensional description, J. Chem. Phys., 126 (2007), 134706.

[9] I. Pineda, M.V. Vázquez, L. Dagdug, Diffusion between two chambers
connected by a conical capillary, In: New Trends in Statistical Physics

(Ed-s: by A. Macias, L. Dagdug), World Scientific, Singapore (2010), 147-
162.

[10] R. Zwanzig, Diffusion past an entropy barrier, J. Chem. Phys., 96 (1992),
3926.

[11] P. Kalinay, J.K. Percus, Corrections to the Fick-Jacobs equation, Phys.
Rev. E, 74 (2006), 041203.

[12] P.A.M. Dirac, The Principles of Quantum Mechanics, Oxford (1930).

[13] F. Cooper, A. Khare, U. Sukhatme, Supersymmetry and quantum me-
chanics, Phys. Rep., 251 (1995), 267-385.


