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MULTIPLE SOLUTIONS FOR A SINGULAR SEMILINEAR
ELLIPTIC PROBLEMS WITH CRITICAL EXPONENT AND
SYMMETRIES
ALFREDO CANO , SERGIO HERN Anpgz_ LINARES , ERIC HERN Anpgz_ MART [ NEZ
ABSTRACT . We consider the singular semilinear elliptic equation —Au — ﬁu—

Au = f(x) | U |2*_1 in Q,u=0o0n 0, where () is a smooth bounded domain ,

in RV, N >4,2% .= ]\2,]7\[2 is the critical Sobolev exponent , f : RN — R is

a continuous function ,0 < A < A1, where i is the first Dirichlet eigenvalue
of —A— 5 in Qand 0 < p<-p:= (%)2 We show that if () and f are

|[?
invariant under a subgroup of O(N), the effect of the equivariant topology of

Q will give many symmetric nodal solutions , which extends previous results of
Guo and Niu [ 8] .
1. INTRODUCTION
Much attention has been paid to the singular semilinear elliptic problem

—Au — uﬁ — = flz)|u*2u inQ, (1.1)
u=0 ond,

where @ C RN (N >4)isasmooth bounded domain, 0 € Q, 0 <pu<

((N —2)/2)2, X € (0, A1), where A is the first Dirichlet eigenvalue of —A — \fétlz on
Qand 2* :=2N/(N —2) is the critical Sobolev exponent , and f is a continuous
function . We st ate some related work here about this problem .

Brezis and Nirenberg [ 2 | proved the existence of one positive solution for (1. 1
) with 4 = 0 and f = 1, with A € (0, A1), where A; is the first Dirichlet eigenvalue of
—AonQand N >4. Rey|[13]and Lazzo [ 1 1] established a close relationship
between the number of positive solutions for (1. 1) with 4 =0 and f =1 and the
domain topology if A is positive and sufficiently small . Cerami , Solimini , and Struwe
[ 6] proved that (1. 1) with g =0 and f =1 has one solution changing sign exactly
once for N > 6 and A € (0,\1). In[5] Castro and Clapp proved that there is an
effect of the domain topology on the number of minimal nodal solutions changing
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sign just once of (1. 1) with u = 0 and f = 1, with A positive sufficiently small .
Recently Cano and Clapp [3] proved the multiplicity of sign changing solutions
for (1. 1) with A = a and p = 0, where a and f are continuous functions .  The
existence of non trivial positive solution for (1. 1) with f =1 and u € [0,-p — 1] and
A € (0, A1) where A; is the first Dirichlet eigenvalue of —A —line — mul, 2 on Q, was
proved
by Janelli [10]. Cao and Peng [ 4 ] proved the existence of a pair of sign changing
solutions for (1. 1) with f =1,N > 7,4 € [0,-u—4],A € (0,A;). Han and Liu [ 9
] proved the existence of one non trivial solution for ( 1. 1) with A > 0, f(x) > 0 and
some additional assumptions . Chen [ 7 | proved the existence of one positive solution
for (1. 1) with A € (0, A1) and f not necessarily positive but satisfying additional
hypothesis . Guo and Niu [ 8 ] proved the existence of a symmetric nodal solution
and a positive solution for 0 < A < Ay, where \; is the first Dirichlet eigenvalue of
—A— # on Q, with Q and f invariant under a subgroup of O(N).
2. STATEMENT OF RESULTS

Let T be a closed subgroup of the orthogonal transformations O(N). We consider

the problem

u “ w2 20 .
—Auy — MW —uAL0 =op f(a:)ﬁgll | inQ) (2.1)
u(yzr) =u(z) VereQ,vyerl,

where ) is a smooth bounded domain ,T'— invariant in RV, N > 4, 2* := (2N)/(N—

2 ) is the critical Sobolev exponent , f : RV — R is a I'— invariant continuous function
,0 < X < A, where\; is the first Dirichlet eigenvalue of —A — # on
Q and

0<pu<-p:=((N-2)/2)>2.

Note that a subset X of RY is I'— invariant if y2 € X forallz € X and v € I". A
function h : X — R is I'— invariant if h(yz) = h(z) for all z € X and vy € I".  Let
Iz := {yz : v € T'} be the ['— orbit of a point z € RY, and #I'x its cardinality .
Let X/T := {I'z : # € X} denote the I'— orbit space of X C RY with the quotient
topology .
Let us recall that the least energy solutions of

_Auu% :| O'LL |§s *7|2;‘inﬂiNoo (22)
are the instantons
€ )
Usv =C(N)(—=————= (N—-2)/2 2.3
0 (LU) ( )(€2+|x—y|2( )/’ ( )

where C(N) = (N(N —2))(N=2/2(see [1],[15]) . If the domain is not RY, there
is no minimal energy solutions . These solutions minimize

Vu |? dz
So = D! mi Jox |
0:=uE oy MO e | 0 |7 dz)?/2*

where D¥2(RY) is the completion of C°(RY) with respect to the norm



Jul2= [
RN|Vu|2d:1c.
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it is well known that the positive solutions to
U . .
—Au—p——0 =|u |[* 2u inRY (2.4)
|z |?
u—0 as|z|— oc.
are

€ )
UH(.I) = CM(N)((C:Q | T ‘(\/ﬁ*\/ﬁ)/\/ﬁ + | T |(\/17+\/ﬁ)/\//7 (N - 2)/2’

where e > 0 and C,(N) = (W)(N’m/‘l( see [16]) . These solutions

-2

minimize
o fe( VU o e
prEuE R RACH (Jon | w [ dz)2/?
We denote
— . #Fy _ €N #F‘T }
MR e T e

We shall assume that f satisfies : (F 1) f(z) >0 for all z € Q.
(F2) fislocally flat at M, that is , there exist r > 0,v > N and A > 0 such
that

| fle) = fy) | Alz—y|” ify e Mand |z —y|<r
Forall0 < p<-pand0< X< A; we define the bilinear operator (-, )\,

H3(Q) x Hi (Q) — Rby
(U, VYA, p = / (Vu- Vv — u% — Auv)dx
Q |z |
which is an inner product in Hg (). Its induced norm

— M u|?)dz)1/2

2

u
] A g = /T bt = </<\ Vu P p
Q |33|

is equivalent to the usual norm || u| := |« 0,0in H}(Q). This fact is a direct
consequence of the Hardy inequality

2 1
/lelzdx < 7/9 | Vu |2 de, Yu € HE(Q). (2.5)

Since A; is the first Dirichlet eigenvalue of —A — # on ,

A|u|2dx<i/<|w|2—u v (26)
Q T A Ja |2 )

Therefore , by (2.5),



2
U
||u||2A,u:=/<|Vu|2—u 5= AluP)de

A ) v 2 )

A i U o -
>>_ 2 (O 1 e
>>(Y A\ )(1 - 1 ) Jo |v u|?dx

A 2 2
(=30l

The other inequality follows from the Sobolev imbedding theorem .

(2.7)
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10/112 It is easy to see that , if f e C( Q) satisfies ( F 1) then the norms

|u|2*::(/ﬂ|u

are equivalent . We denote

2 dx)V? ) and |u\f72*::(/f(x)|u|2* dz)V/*
Q

s .:( xQQ&) N/2

f min f(m)(N72)/2 0o -
Our multiplicity results will require the following non existence assumption . ( A 1))
The problem

—Au=f(z)|u|* 2u nQ
u=0 ondSl (2.8)
u(yzr) =u(z) VeeQ,vel

does not have a positive solution u which satisfies || u [|>< E?.
2. 1. Multiplicity of positive solutions . Our next result generalizes the
work of Guo and Niu [ 8 ] for the problem ( 2. 1) and est ablishes a relationship
between the topology of the domain and the multiplicity of positive solutions . For
0 >0 let

My = {y € M : dist(y,0Q) >}, Bs(M) := {z € RY : dist(z, M) < 3}. (2.9)

Theorem 2 . 1. Let N>4, Q and f be I'— invariant , and (F 1
), (F2), (A1) and €l;§S£//2 hold . For ea ch 6,8 > 0 there exist
A* e (0,A1), p* € (0, ) such that for all X € (0,\*),u € (0, ") the problem (
2. 1) has at least

cat gy (My /T)
positive s o lutions which satisfy
O =8 <[ ul} <t
2. 2. DMultiplicity of nodal solutions . We assume that I is the kernel
of an epimorphism 7 : G — Z/2 := {—1,1}, where G is a closed subgroup of O(N) for
which , Q is G— invariant and f : RY — R is a G— invariant function .
A real valued function u defined in € will be called 7— equivariant if
u(gz) = T(g)u(z) Ve Q,ged.

In this section we study the problem

u w2 "2
—Au — MW —uA0 =, f(ac)a}2 | inQ (2.10)
u(gr) =7(g)u(z) VeeQ,geqG

Note that all 7— equivariant functions u are I'— invariant ; i . e ., u(gz) = u(z) for all
xz€Q,gel. If uis a 7— equivariant function then u(gx) = —u(x) for all x € Q and
g € 71(—1). Thus all non trivial 7— equivariant solution of ( 2 . 1) change sign .



Definition 2 . 2. We call a I'— invariant subset X of R¥T'— connected if cannot be
written as the union of two disj oint open I'— invariant subsets . A real valued function
u:Q — Ris (I',2)— nodal if the sets

{reQ:u(z) >0} and {ze€Q:u(x)<0}

are nonempty and I'— connected .
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invariant subset X of RY, we define

X" :={x e X :Gx =Tz}
Let 6 > 0, define

M5 = {y € M : dist(y, 00N Q") > 6},

and Bs(M) asin (2.9).

The next theorem is a multiplicity result for 7— equivariant (T, 2)— nodal solutions
for the problem (2. 1) .
Theorem 2. 3. Let N>4,and (F1),(F2),(A1l)and E?gS,Jy/Qhold.
If T is the
kernel of an epimorphism T :G — Z/2 defined on a clos ed subgroup G of O(N) for
which Q and f are G— invariant . Given 6,0" > 0 there exists \* € (0,\1), u* €
(0, ) such that for all X € (0,\*), € (0,u*) the problem (2. 1) has at least

cat g, (m)\Bs(m)7) /6 (M 5/G)

pairs +u of T— equivariants (T',2)— nodal s o lutions which satisfy
205 — &' <[l u |3, < 20}

2. 3. Non symmetric properties for solutions . LetI' C rc O(N). Next we
give sufficient conditions for the existence of many solutions which are I'— invariant but
are not I'_ invariant .

Theorem 2 . 4 . Let N >4 and assume that f satisfies (F1),(F2),(A1)
and El; <

S,],V/2. Let T be aclos ed subgroup of O(N) containing T, for which Q and [ are

F—invariant and

T
veq  Flz zeQ #

min — < min £/ \(N—2)/2
fa)A32 fla)N=2)/2

Given 6,0 > 0 th ere exist X* € (0,A1),u* € (0,
A€ (0,X%), p € (0, u*) the problem (2. 1) has at least

n)  such that for al |

cat g, (aryr (Mg /T)
positive s o lutions which are not ffin'uariant and satisfy
205 — &' <[ ul3,.< 26}

3. THE VARIATIONAL PROBLEM
Let 7 : G — Z/2 be a homomorphism defined on a closed subgroup G of O(N),
and I' := ker 7. Consider the problem

u " w2 20 .
—Au — ,U,W —uAL0 =on f(x)alg | in{2 (3.1)

u(gr) = T(g)u(z) Ve e, ge€q,

where Q is a G— invariant bounded smooth subset of RV, and f : RV — R is a G—
invariant continuous function which satisfies ( F 1) .



If 7 = 1 then the problems (2. 10 ) and (2. 1) coincide . If 7 is an epimorphism
then a solution of (2. 1 0 ) is a solution of ( 2 . 1) with the additional property
ulge) = —u(z)
for all z € Q and g € 77(—1).  So every non trivial solution of (2. 10 ) is a sign
changing solution for (2. 1) .
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(gu)(z) == T(g9)u(g~'z).

The fixed point space of the action is given by

HI(Q) :={uc HY(Q) :gu=u Vg G}
={uec H}(Q) :u(gr) = 7(g)u(z) Yge€ G, Vre},

is the space of 7— equivariant functions .  The fixed point space of the restriction of
this action to I

Hy ()" = {u € HYQ) : u(gr) = 7(g)u(z),Vg € T, Vx € Q}

are the I'— invariant functions of H}(Q). The norms || || A, |- | on HY(Q)
and

|| 2%, |-|s 2% on L? (Q) are G— invariant with respect to the action induced by 7;
therefore , the functional

1 u? 1 .
Byes() =5 [ (V0P —utg =3 Pyde— o [ @) | u o
1 1

_ 2
—§||UH,\,N—2:|U

o
2%

is G— invariant , with derivative

DEy . s(u)v = / (Vu-Vv—p

uv2 — Auw)dz — / f(@) | wl]? 2 uvda.
Q |z | Q

By the principle of symmetric criticality [ 1 2 ] , the critical points of its restriction to
H}(2)™ are the solutions of (2. 10 ), and all non trivial solutions lie on the Nehari
manifold

NS g ={u€ Hy(Q) :u+#0,DE) , f(u)u =0}
={ue Hy(Q)" :u# 0, ull} =l ulfa}-
which is of class C? and radially diffeomorphic to the unit sphere in H ()™ by the

radial projection

)

2
u
1o B gy,

| U l?”ik2*
Therefore , the nontrivial solutions of ( 2 . 1 0 ) are precisely the critical points of

th.e ’restriction./\/',\%f.NoteOfthatE**“"f to N{#’f, If 7 =1 we write N;u,f and if G is a
trivial group

T Hy()T\A{0} = N, 5w r(w) = (

1
Eypg(w) =5 | i

1 . ;
= N | u |?’2* VU/ c N/\,M’f, (32)
and

)
1w}
B (Mg () = 5 ( =

a2 N/2 VYue Hj(Q)7\ {0}.
U ¥ 24



We define

. . 1
m(>\7/1’7f) = J\l[l;lf fE)\,/L,f(u) = ,/\lfilf fﬁ || u ||§\,}L

w2 )
|| !)\,u N/2

KA.

= € 0 (0) \ {0} 1 (
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, Ex . r are bounded below on N, ,, r. We denote by
inf

s Mot
m" (A f) = NS s Ex g, mT (A f) = Nl p B g

3.1. Estimates for the infimum .

mE(\, p, f) > 0. Proposition3.1.

Proo f — period  Assume that m! (A, u, f) = 0. Then there exist a sequence (u,,)
on N}, ; such that

Ex g (un) = mU (A, f) = 0.

So Ex i p(un) = + || up ”?\u Since || - || A,p and || - || are equivalent norms of HZ}(€2)
we have that u,, — 0 strongly in Hg(2); but Ny, ; is closed in Hj(€2) then 0 € N}, ;
which is a contradiction . [

Proposition 3.2. Let
0 < A < XN < A, 0 <p < y <-pand f : RV SR
a continuous function X— invariant , such that f satisfies (F1), and %

is a clos ed subgroup of O(N).  Then |lu |3 ,<llul3,.

m\N, i, f) Sm\ o, f) and mEN 4, f) <mE (O p, f)

Proof . By definition of || - || A,u we obtain the first inequality . Let u €
HE()\ {0}, then

m()\’,,u/, f) < E)\/,H/’f(ﬂ)\/,,u/,f(u))

1 a2,

= N/2
N |u |?“,2*
)
(I Ky
< = N/2
N |’LL ‘3‘,2*

= Ex o p (o1 (w))-
From this inequality there proof follows . [ We denote by A; the first Dirichlet eigen-
value of —A —line —mul,2 in Hg(Q).
Lemma 3. 3. For all A€ (0,A1),u € (0,

u),u € HY(Q)7, it fo L lows that

L N X\ 'N

E < - 7E L L .
0,0, (70,0, () < (/1 - u) 5 ()\1 — 5 Pt (M (@)
Proof . Since
N/2 N )
1wl 2x,’ 1wl
Expf(mans(w) = (g5 =+ o
S NY Tul?,. N},
and by (2.7)
o A
(1-=)1- /\1) Fu <l w X,

then



N AN v
a-550a- 5 lul<lul
N1

2N|u‘§“\{2*

N
A1
Ny

"
a-Hgo-5

)

< B (T, r (W)
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i )N, A\ )N

= )
2 (>\1 — 3 Brnr (Mg (W),

which concludes the proof . [0 As a immediately consequence we have the following
result .
Corollary 3 . 4.

Eo,0,¢(m0,0,£ (1)) < (

i N X\ 'N
70,0, f) < - —m" (A .
m(0.0.) < ()T S )
For the proof of the next lemma we refer the reader to [ 3] . Lemma 3 . 5 . If

QN M # 2 then

(a) m"(0,0.1) < 05

(b) if the re exists y € QN M with Tx # Gy, then m”(0,0, f) < %(1; 3.2. A
compactness result . Definition 3 . 6 . A sequence {u,} C H}(Q) satisfying

Expf(un) ¢ and VEy , ¢(un) — 0.

is called a Palais - Smale sequence for £y, ; atc. Wesaythat FE), s satisfies
the Palais - Smale condition (PS). if every Palais - Smale sequence for Ey , ; at ¢
has a convergent subsequence . If {u,,} C  H(Q)7 then {u,} is a 7— equivariant
Palais - Smale sequence and E} ,, s satisfies the 7— equivariant Palais - Smale condition
, (PS)L. If 7 = 1{u,} is a I'— invariant Palais - Smale sequence and E) , f satisfies
the I'— invariant Palais - Smale condition (PS)L.

The next theorem , proved by Guo - Niu [ 8 ] , describes the 7— equivariant Palais -
Smale sequence for Fj , ¢.
Theorem 3. 7. Let (un) be a Palais - Smale in H}(Q)7, for Ey ¢ at ¢>0.
Then there exist a s o lution u of (2.10),m,l € N; a clos ed subgroup G* of finite
index in G, s equences {y’} C Q,{ni} C (0,+00); a s o lution iz, of (2.2), for
i=1,...,m;and {R}} CR", asolution jz, of (2.4) for j=1,.,1. Such
that

(i) G,.i =G
(ii) (ni)~dist(y!.00) = oo, yl — 4, if n— oo, for i=1,...m.(iii) (ni)~!|
9Yn — 9'Yn | 00, if n =00, and [g] #[g] € G/G', for i=1,...m,
(iv) g, (gz) = 7(9)"Uo(x)Vz € RNandg € G,
(v) Jja,(9x) =7(9)ja, (@)Vz € RN and g€ G,Ri -0 for j=1,..,1



(vi)

=l }(nb%ﬂyi)2;Nr<g>iﬁo<g*1<—ﬁiy5>>
(@) = u(2) + 3 [g) S @ '
m G/

l

(R
2-N_.  x

+ Zn) 5 uzu(—%) +o(1),

j=1

(vii)
m G/G* co [+ l o .
B g (un) = B g () + 307 (F B0 ) By (i) + oy B U, ) 0

n — oo
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3.8. E\, r satisfies (PS)7 at every

Uy #(G/T
c< min{#(G/F)Nf %Sﬁ’/”.
4. THE BARIORBIT MAP
We will assume the nonexistence condition ( NE )  The infimum of Eyg ¢ is not

achieved in NV} 5

s

Corollary 3 . 8 and Lemma 3 . 5 imply

r )1
m" (0,0, f) := N3¢ s Eo.o.5 = ( reo__ #lo "1 onp

min F\N-2)/2 N (4.1)

if ( NE ) is assumed . It is well known that (NFE) holds , if T' = {1} and f is constant
(see[14, Cap . IIT , Teorema 1. 2] ) . Set

_ L #y - #la
M = {yefQ.W—irﬁzW}.

For every y € RY,~v € T, the isotropy subgroups satisfy r,, = fyI‘y'yfl. Therefore

the set of isotropy subgroups of I'— invariant subsets consists of complete conjugacy
classes . We choose I'; C I';i = 1,...,m, one in each conjugacy class of an isotropy
subgroup of M. Set

Vi={ze€V:inz=2 Vyely}

the fixed point space of V' C RY under the action of T';. Set
Mi:={yeM:T,=T;},
TM":={yy:v€el, yeM}={yeM:([,)= T}

By definition of M it follows that f is constant on each I'M " Set
fi:= f(TM") €R.
Fix dg > 0 such that

Y=y >36 vy M, r: y .
dist(D M !FMOJ) 23", €v iiV=€1 if Y, it Yr.J, (4.2)

and such that the isotropy subgroup of each point in Mgo = {z e Vi:dist (2, M?) <
0o} is precisely T';. Define
2-N ,
W.. = Z fi T Uey. ifz e Mj,
lg] € T/T
where U, , :=U;"¥ asin (2. 3) . For each § € (0,8) define
Ms = MjuU---UM™,
Bs:={(g,2): £ € (0,0),2 € Ms},
96 = {iWE,z : (E,Z) € 35}7 @0 = 650'

For the proof of next proposition see [ 3] .
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Proposition 4 . 1. Let 6 € (0,00), and assume that (NE) holds . There
exists 1 > mb(0,0,f)  with following properties : For ea ch wu € N&O,f such that
Eoo,7(u) <n we have

1
; _ 2 r
V[I/Iéfe(] | u—W < 2Nm (0,0, f)

)

and th ere exist precis e ly one v € {—1,1}, one e € (0,09) and one T'— o rbit
I'z € Ms, such that

u— oW = ot u— W
Moreover(e, z) € Bs.

4. 1. Definition of the bariorbit map . Fix 6 € (0,9p) and choose
n >m" (0,0, f) as in Proposition 4 . 1 . Define

Egos={u€ Hy(Q): Ego5(u) <n},
Bs(M) := {z € RN : dist(z, M) < 6},
and the space of I'— orbits of Bs(M) by Bs(M)/T.
From Proposition 4 . 1 we can define Definition 4 . 2 . The bariorbit map
BY: Ngo s NE, s — Bs(M)/T,
is defined by

Ty f — mi _
Br(u) =Tyde =7 |lutWey | = min fJu-W].

This map is continuous and Z/2— invariant by the compactness of M.
If T is the kernel of an epimorphism 7 : G — Z/2, choose g7 € 771(—~1). Let
u € Nj g ; then u changes sign and u™ (x) = —u™ (g7 'x). Therefore , || u't [|*= | u™ ||
and | u™ \?’2*:\ u- |3¢'2* .So
uweNJo;=>ur €Njo,; and Eopy(u)=2EF0(u®). (4.3)

Lemma 4 . 3. If Eo,,5 does not achieve its infimum at N o5 then

T . #Tz )2
m™(0,0, f) == N7 1 Eo 0. = ( melr?m NSN/Q =2m" (0,0, f).

Proof . By contradiction . Suppose that there exists u € NoT,o,f such that Eg o ¢(u) =

m’ (0,0, f).Thenu™ € N, rand

)
T veq_ LT 2 oNy2
m (anvf) < ( mein f($>(N_2)/2 NS / .

Hence

)
veq_ LT iSN/Q =m" (0,0, f).

" @R N

m(0,0, ) < Boop(u) = m(0,0,1) < ( -
2




Thus u™ is a minimum of Ey ¢ 5 on NOIZO,fv which contradicts ( NE ) . The corollary 3 .
8 implies

)
- . 2€Q #F{,U 2 N/2
m’ (0,0, f) = ( meinm N 2.

O
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(4. 3) implies

U/:t GNOI—:O,meg’O’f VUEN&—,O,fﬁEgj(]),f

o)
+ _ — i + _ - i - _
ot =Wy = min [t =W ol w4 oWy | = min flu” =W (44)
Therefore ,
Br(ut) =Ty <= p'(u") =T(gy), (4.5)
and
,BF(U+) # /BF(U}7) Yu S NOT,Qf N Eg’no"f (46)
Set
Bs(M)" :={z € Bs(M) : Gz =Tz}.
Proposition 4 . 4. The map

BT NG o N Egyy = (Bs(M)\ Bs(M)7)/T, 57 (w) = " (u),

is well defined , continuous and 7Z/2— equivariant ; i . e . ,

B"(—u) =T(gry) <= B7(u) =Ty.

Proo f — period fueNJorN Eg?(’)’f and 7 (u) =T'y € Bs(M)7 /T then
Br(ut) =Ty =
I'(gry) = pBY(u~), thisis a contradictionto  (4.6).  We conclude that

B7(u) element — negationslash

Bs(M)™/T. The continuity and Z/2— equivariant properties follows by 4! ones . [
5. MULTIPLICITY OF SOLUTIONS

5. 1. Lusternik - Schnirelmann theory . An involution on a topological space X

is a map 0X : X — X, such that 0X o pX = idx. Given an involution we can define an

action of Z/2 on X and viceversa .  The trivial action is given by the identity

0X =idy, the action of G/T ~ Z/2 on the orbit space RV /T' where G € O(N) and T
is the kernel of an epimorphism 7 : G — Z/2, and the antipodal action g(u) = —u
on NY . Amap f:X —Y is called Z/2— equivariant (or a Z/2— map )

if oYof = fopX, andtwoZ/2— maps, f0,f1 : X — Y, are

said to be Z/2— homotopic if there exists a homotopy © : X x [0,1] — Y such that
O(z,0) = f0(x), ©(z,1) = fl(z) and O(oX"t) = oY ®(x,t) for every z € X,t € [0,1].
A subset A of X is Z/2— equivariant if pX* € A for every a € A.
Definition 5 . 1 . The Z/2— category of a Z/2— map f : X — Y is the smallest
integer k := Z/2— cat (f) with following properties

(i) There exists a cover of X = X7 U---U X}, by k open Z/2— invariant subsets
,(11) The restriction f | X; : X; — Y is Z/2— homotopic to the composition r; o ;
of a Z/2— map «; : X; — {yi, oY yi},yi € Y, and the inclusion «; : {yi, 0Yyi} —

Y.

If not such covering exists , we define Z/2— cat (f) := 0.



If Ais a Z/2— invariant subset of X and ¢ : A — X is the inclusion we write
Z])2 —catx(A) :=7Z/2 —cat(v), Z/2— catx(X) :=7/2 — cat(X).
Note that if px = idx then

Z)2 — catx(A) :=catx(A), 7Z/2— cat(X) := cat(X),

are the usual Lusternik - Schnirelmann category ( see [ 1 7 , definition 5. 4] ) .
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Theorem 5.2. Let ¢ : M — R be an e ven functional of class CT,
and M a

submanifold of a Hilbert space of class C?,  symmetric with respect to the origin . If
@ is bounded below and satisfies (PS). for ea ch ¢ <d, th en ¢ has at least Z/2—
cat (¢?) pairs critical po ints such that ¢(u) < d.

5. 2. Proof of Theorems . We prove Theorem 2 . 3 only ; the proof of
Theorem 2 . 1 is analogous .  Recall that if 7 is the identity or an epimorphism then
#(G/T)islor2.

Proof of Theorem 2. 3 . By Corollary 3.8, E ,, s satisfies (PS)j for

Uy #(G)T
6 < min{#(c/r)ﬁ#s%}.
By Lusternik - Schnirelmann theory E ,, ¢ has at least Z/2— cat (J\//\T,M,f ﬂEf%f) pairs

+u of critical points in N;,u.f N Eﬁ%f, We are going to estimate this category for an
appropriate value of 6.
Without lost of generality we can assume that ¢ € (0,dp), with dp asin (4. 2) .

») and A* € (0, A1) such that

el"
Let n > 3 p* € (0,
Ny b
= min{2, A .
¢ #(G/T) T f - 5
By Lemma 3 . 3 ,if u € NJ, ;N E{ , ;.p € (0,p%),\ € (0,\%) we have

( B N2, M YN /2
w— p* A1 — Ax

i N X\ )N
Eo,0,f(mo,0,5(u)) < (ﬁ — u>5(h - 3 5 P (w)
i N, A\ N o
B AN 1 AV cf
<(ﬂ—u 2()\1 s 5 G/
< #(G/T)n.

Let 87 be the 7— bariorbit function , defined in Proposition 4 . 4 .  Hence the
com - position map

BT omo0.r : NY . p NES . s — (Bs(M)\ Bs(M)")/T,

is a well defined Z/2— invariant continuous function .
By the [3, Proposition 3 ] using ( F 2 ) we can choose ¢ > 0 small
enough and

EF
0:=0. < #(G/F)Nfsuchthat
0
Ex g (mans (WD) <0 <#(G/T) 5 Vye My,
wherew? , = el —€n gry, T(g7) = —1,and
51;31(5”) = Z f(y)(QiN)MUeryy(x)‘P'yy(x)~

[v] e T/T,
Thus the map
QTs - M-r_,cs/r - N;;mf N Eg,mﬁ
a’o(Ty) := 7 p(wl ),
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Z/2— invariant continuous function . Moreover , 57 (7o 0,f(a75(I'y))) =
I'y for all y € M_ ;. Therefore ,

72 = cat(N5 , s N ES, ;) > cat(s; () /r) (Mr/T).
So (2. 10) has at least

cat((,(m)\Bs (M) /) (M 5/G)

pairs fu solution which satisfy

el“
B g (1) < #(G/T) 5
By the choice of A* and p* we have

K A oy
( )N/Q( )N/Z < f
n— p* A1 — Ax _6?75/
Then
él“ Y, i—p A — )\ ZF
r f < N/2 M N/2 T “f
#(G/D) L= < BN R=2) g6y oL
< mT()‘v H, f) < E)\7I—L7f(u)
1 ) 0
=l [3,< #(G/T) L
therefore
#(GIT) — 6" < [lu || 2X, < #(G/T)4}.
O
Proof of Theorem 2. / . By Theorem 2 . 1 there exist A and g sufficiently close to

zero such that the problem (2. 1) has at least catp, ), r(Ms /T') positive solutions
such

KI‘
thatEA,#’f (u) < Nf

I
We will prove that %f < mGamma=e(( ( ).  First suppose that
me=Gamma(( 0, f) does not
e—Gamma T
achieve then by the hypothesis m&amma=e(( 0, f) = ef# > ¥ If mGamma=e(( (), f)
is achieved there exists u € Nfgr}lmke C Ngo,s and
r
i
N
By (3. 4) there exist e (0,A1) and f1 € (0, @) such that for each A € (O,X) and

=m" (0,0, f) <mE¥™=¢(0,0, f) = Eo,o,5(u)-

w € (0, i)suchthat

<l (0,0, f) < (L YNRE=_ ¥l (A, f).

T
e )
N A1 — A



Then

2N -
By g (u) < 55 <m (. f).

Therefore ,u is not I'_ invariant solution . [
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