
Received 5 July 2020; revised 16 September 2020; accepted 12 October 2020. Date of current version 10 December 2020.

Digital Object Identifier 10.1109/OJCAS.2020.3033154

Controlling Chaos for a Fractional-Order
Discrete System

LUIS ALBERTO QUEZADA-TÉLLEZ1 , LUIS FRANCO-PÉREZ2, AND GUILLERMO FERNÁNDEZ-ANAYA1

1Departamento de Física y Matemáticas, Universidad Iberoamericana, Mexico City 01219, Mexico

2Departamento de Matemáticas Aplicadas y Sistemas, Universidad Autónoma Metropolitana Unidad Cuajimalpa, Mexico City 05348, Mexico
This article was recommended by Associate Editor F. Bizzarri

CORRESPONDING AUTHOR: L. A. QUEZADA-TÉLLEZ (e-mail: alquezada@ciencias.unam.mx)

ABSTRACT In this article two different controllers for the stabilization of a fractional-order discrete
system in the left Caputo discrete delta operator sense are given. The first one acts by a fractional
proportional pulse control, the second acts by a fractional feedback control. These controllers are applied to
fractional-order chaotic discrete dynamical systems to obtain their stability and also we show a comparison
with the integer order dynamical systems stability. Some simulations are presented for the fractional logistic
map and the fractional Henon map.

INDEX TERMS Caputo delta difference, chaos, discrete fractional calculus, Mittag–Leffler.

I. INTRODUCTION

IN THE last decades, a considerable number of investiga-
tions has been devoted to the analysis of chaos control.

The control of chaos is understood by the stabilization of
discrete or continuous chaotic systems to a steady state or
a periodic orbit.
In the case of a dynamic system it is understood that

control is the manipulation of different variables and param-
eters of the system by means of a law that is a rule or
algorithm such that, when applied, a desired behaviour is
obtained. In chaotic systems, manoeuvres to control chaos
have been tested in different branches such as laboratory
physics, cardiology and biochemistry.
Some researches present a way to reduce chaos and even

eliminate it completely. The particular case Ott-Grebogi-
Yorke method has been used in the Duffing oscillator using
periodic proportional pulses allowing to obtain periodic
orbits of period 1 to 4 [1], [2], [3], [4], [5].
In recent decades, chaotic systems and their applications

have attracted attention of the scientific community in several
fields of sciences and engineering. However in recent years
chaotic systems of fractional order and their applications
have established that some models provide better results on
specific phenomena. Moreover when a controller is provided,
these results could enhance [6].
There are representations of linear and non-linear systems

using fractional calculus in the continuous or discrete state

space domain. Through the discretization of continuous
fractional integrals and derivatives, fractional difference
equations have lead to a new area of research.
The fractional logistic difference equation and the Henon

map using the Caputo delta operator have been studied.
Unlike interger-order models, fractional ones present a dis-
crete memory and they depend on the parameter v, the
fractional difference order. It is interesting to note in the case
of the fractional logistic map that the presence of chaotic
behavior depend not only on the natural parameter but also
on the order v [7], [8], [9], [10].
Stability theory and synchronization have been developed

to analyse the behaviour of solutions, in particular
Lyapunov functions let us identify some features of solu-
tions like monotonicity and asymptotic behaviour. Suitable
Lyapunov functions allow us to know about monotonous
and stable solutions and also asymptotic ones (Lyapunov
stability) [11], [12], [13].
Chaos synchronization, a master and a slave system

have been proposed to establish the existence and sta-
bility of solutions corresponding to the movement of the
system [14], [15], [16]. Stability analysis using Lyapunov
functions and synchronization has been applied not only
in the logistic fractional discrete equation, but also in the
well-known two-dimensional Henon map [17].
Some investigations have used control methods to chaos

fractional discrete maps [18], [19]. In [18] used this method
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of momentum to control chaotic dynamics of logistic frac-
tional map. On another hand, in [19] a kicked method is
applied on a damped rotator map. An additional way to
control fractional maps is through a fractional lineariza-
tion method, a one-dimensional controller to stabilize the
system [20], [21], [22], [23].
Unlike the works mentioned above, our proposed method

is based on the negative definitiveness of a matrix both for
the case of proportional pulses and for the case of feedback,
which allows us to guarantee stability in the Mittag-Leffler
sense, which implies asymptotic stability. A comparison is
also made between the integer and fractional order controller.
This article is organized as follows. The necessary defini-

tions and theorems are presented in the second section. The
third section describes the fractional order discrete systems.
Two types of control are also shown, the fractional propor-
tional pulse control and the fractional feedback control. The
fourth section shows some applications of these controls for
the fractional logistic model and the fractional Henon map.
Finally, conclusions are given.

II. PRELIMINARIES
In this section we start with some basic definitions about dis-
crete fractional calculus, necessary to construct the controller
for fractional discrete systems. For a ∈ R, the functions we
deal with are defined in the Banach space S(Na,R), the set
of all functions f : Na → R, whose domain is the discrete
set Na := {a, a + 1, a + 2, . . .}. We introduce the forward
operator σ : Na → Na as σ(t) := t+ 1 and the correspond-
ing forward difference operator by �f (t) = f (σ (t)) − f (t).
We get

�mf (t) = �
(
�m−1f (t)

)
=

m∑
k=0

(
m

k

)
(−1)m−kf (t + k).

We use the notation Sn−1
ρ = {x ∈ R|‖x‖ ≤ ρ}. The following

definitions were recovered from [24].
Definition 1: Let u ∈ S(Na,R) and v > 0 be given, the

v-fractional sum of u is defined by

�−v
a u(t) = 1

�(v)

t−v∑
s=a

(t − σ(s))(v−1)u(s) (1)

where a is the starting point, � is the function gamma, as
an extension of the factorial function, and

t(v) = �(t + 1)

�(t + 1 − v)
(2)

corresponds to the falling function. From this definition,
�−v
a : S(Na,R) → S(Na+v,R).
In what follows, the fractional difference we assume is

that proposed by Caputo.
Definition 2: The v-order Caputo discrete fractional dif-

ference for v > 0 (v �∈ N) and u(t) ∈ S(Na,R) is
given by

C�v
au(t) = �−(m−v)(�mu(t)

)
(3)

where C�v
a : S(Na,R) → S(Na+(m−v),R) is the Caputo delta

operator, with m− 1 < v < m. That is

C�v
au(t) = 1

�(m− v)

t−(m−v)∑
s=a

(t − σ(s))(m−v−1)�m
s u(s) (4)

where t ∈ Na+m−v.
From [24] we have a Taylor’s difference formula for the

Caputo discrete fractional difference.
Theorem 1: For v > 0, v non-integer, it holds:

f (t) =
m−1∑
k=0

(t − a)(k)

k!
�kf (a)

+ 1

�(v)

t−v∑
s=a+m−v

(t − σ(s))(v−1) C�v
af (s). (5)

In particular for 0 < v < 1 we know

f (t) = f (a) + 1

�(v)

t−v∑
s=a+1−v

(t − σ(s))(v−1) C�v
af (s). (6)

It lead us to a solution for the nonlinear fractional Caputo
like difference equation initial value problem

C�v
ou(t) = f (u(t + v− 1), t + v− 1) , u(0) = uo, (7)

for t ∈ N1−v, whenever v ∈ (0, 1), which corresponds to

u(t) = uo + 1

�(v)

t−v∑
s=1−v

(t − s− 1)(v−1)

× f (u(s+ v− 1), s+ v− 1) (8)

with u(0) = uo.
Definition 3: A fixed point u = 0 of equation (7) is said

to be

• Stable if for every ε > 0 and t0 ∈ N1−v there exists
δε,t0 > 0 such that every solution u(t) with initial con-
dition satisfying ‖u0‖ < δε,t0 implies ‖u(t)‖ < ε, for
all t ∈ Nt0 ,

• Uniformily stable if it is stable and δ just depend on ε,
• Asymptotically stable if it is stable and for all t0 ∈ N1−v
there exist δt0 > 0 such that limt→∞u(t) = 0 whenever
‖u0‖ < δt0 .

Definition 4: For α, β, z ∈ C, with Re(α) > 0, the discrete
Mittag-Leffler two-parameter function is given as

E α,β(λ, z)

:=
∞∑
k=0

λk
(z+ (k − 1)(α − 1))(kα)(z+ k(α − 1))(β−1)

�(αk + β)

where E(α)(λ, z) := E α,1(λ, z).
Definition 5: A solution to (7) is said to be stable Mittag-

Leffler if

‖u(t)‖ ≤ (
m(u0)E(α)(−λ, t)

)b

where α ∈ (0, 1), λ > 0, b > 0, m(0) = 0, m(u) ≥ 0, and m
locally Lipschitz on u ∈ B ⊂ R

n with Lipschitz constant m0.
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III. FRACTIONAL-ORDER DISCRETE SYSTEMS
Let us consider the autonomous version of an n-dimensional
nonlinear function

C�v
ox(t) = f(x(t + v− 1)), x(0) = x0 (9)

where C�v
ox(t) is the Caputo-like delta difference and so we

can compute

x(t) = x0 + 1

�(v)

t−1∑
s=0

�(t − s+ v− 1)

�(t − s)
f(x(s)) (10)

We assume that the eq. (10) can be rewritted as follows

C�v
ox(t) = Ax(t + v− 1) + g(x(t + v− 1)), (11)

a constant matrix A standing for the linear part and the
function g for the nonlinear terms of C�v

ox(t).

A. A FRACTIONAL PROPORTIONAL PULSE CONTROL
A specific method to control chaos in integer-order systems
has been introduced by [5]. In the case of fractional discrete
systems, can be applied a proportional pulse control in (11)

C�v
ox(t) = K[Ax(t + v− 1)] + g(x(t + v− 1)), (12)

where K is a constant matrix. The linear part of (12) is given
by the term KA[x(t+ v− 1)]. The associated linear system
is Mittag-Leffler stable by [24, Th. 4] if the matrix KA is
negative definite.
The results of the following Theorems 2 and 3 are based

on the [24, Th. 6].
Theorem 2: Suppose that x = 0 is a fixed point of (9)

and the function f : Sn−1
r × Nv−1 → R

n locally Lipschitz
for x ∈ Sn−1

r such that the dimension of the proper linear
eigenspace satisfies dimEσA = n, where the spectrum of A
is σA = λi with at least one eigenvalue nonzero, then there
exists a constant matrix K such that (9) is Mittag-Leffler
stable.
Proof:

• If A and K have real eigenvalues. Consider a matrix
An×n and its decomposition A = PJAP−1, where JA is
the Jordan canonical form, with σA = {λi} the eigenval-
ues. We propose K with a similar decomposition such
that K = PJKP−1. In this way, the product KA lead us
to PJKJAP−1. That is σKA = μiλi where σK = {μi}.
Therefore we define K in such a way that sgn μi = −
sgn λi.

• If A and K have complex eigenvalues. Let An×n
be a real matrix with complex eigenvalues and its
decomposition A= PJAP−1 where JA is a Jordan
canonical form. Note JA is a diagonal matrix by blocks
JA = diag(J1(λ1), J2(λ2), . . . , Jn(λs)) and Ji(λj) =
diag(λ1, λ2, . . . , λs), where s represents the number
of eigenvalues of the matrix taking into account
multiplicity. Taking K a matrix which decomposi-
tion is K= PJKP−1 now JK is a diagonal matrix by
blocks with JK = diag(J1(μ1), J2(μ2), . . . , Jn(μs)) and
Ji(μj) = diag(μ1, μ2, . . . , μs) where s again represents

the number of eigenvalues of the matrix taking into
account their multiplicity, that is

JA =

⎛
⎜⎜⎜⎜⎜⎝

a1 b1 · · · 0 0
−b1 a1 · · · 0 0

...
...

. . .
...

...

0 0 · · · an bn
0 0 · · · −bn an

⎞
⎟⎟⎟⎟⎟⎠

JK =

⎛
⎜⎜⎜⎜⎜⎝

α1 β1 · · · 0 0
−β1 α1 · · · 0 0

...
...

. . .
...

...

0 0 · · · αn βn
0 0 · · · −βn αn

⎞
⎟⎟⎟⎟⎟⎠

Taking the product of matrices JKJA, is obtained

JKJA =

⎛
⎜⎜⎜⎜⎜⎜⎝

J1 0 · · · 0 0
0 J2 · · · 0 0
...

...
. . .

...
...

0 0
. . . Jn−1 0

0 0 · · · 0 Jn

⎞
⎟⎟⎟⎟⎟⎟⎠

where J1, J2, . . . , Jn are block matrices. The matrix Ji
given by

Ji =
(

αiai − βibi βiai + αibi
−βiai − αibi αiai − βibi

)

Let sgn (βi) = sgn (bi) and αi = −(ai/bi)βi, therefore

Ji =
(

αiai − βibi 0
0 αiai − βibi

)

Ji = c

(
1 0
0 1

)

with c = αiai − βibi < 0 for each i = 1, 2, . . . , n. So,
by [24, Th. 6] the fixed point is Mittag-Leffler stable. �

B. FRACTIONAL FEEDBACK CONTROL
In this subsection we show a new fractional controller
method. From the system (11) and just tackling the linear
part let us introduce the following modified linear system

C�v
ox(t) = Ax(t + v− 1) + Bu(t + v− 1) (13)

where u(t+v−1) = −Kx(t+v−1) and An×n, Bn×m, Km×n
are constant matrices. Substituting in (13) we have

C�v
ox(t) = Ax(t + v− 1) − BKx(t + v− 1) (14)

C�v
ox(t) = (A − BK)x(t + v− 1) (15)

Stability is now determined by the eigenvalues of (A − BK).
Theorem 3: Suppose x = 0 is a fixed point of (9) and

the function f : Sn−1
r × Nv−1 → R

n locally Lipschitz for
x ∈Sn−1

r . Therefore x = 0 is Mittag-Leffler stable if (A−BK)

is negative definite.
The proof of Theorem 3 is similar to the proof of

Theorem 2, but using the [24, Th. 6]. In this case we have
to choose one of following type of control.
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Let (A − BK) = M such that xTMx < 0,

• Case 1) We suppose B−1 exist. In this case A,B are
given and determined by the system and the controller,
so we can choice K = B−1(A − M).

• Case 2) Now suppose B is invertible for the right
Rank(Bm×n) = m, i.e., BBd = I but BdB �= I. For this
case, also A,B are given and determinate by the system
and the controller, so we choose K = Bd(A − M).

• Case 3) We assume that the generalized inverse of B
denoted by B+ is such that BB+ = I, then we select
the controller K = B+(A − M).

Remark that controllers 2) and 3) are less conservative,
since they only assume the existence of a right inverse of
matrix B.

IV. SOME APPLICATIONS
Below we show applications of the above results to stabilize
this class of discrete fractional systems.

A. FRACTIONAL ORDER LOGISTIC MAP
In this first subsection, we will describe the fractional order
logistic map. The classical logistic map model deeply studied
is defined as

x(n+ 1) = μx(n)(1 − x(n)), x(0) = c (16)

where the model exhibits chaotic behaviour for values of
μ ∈ (3.57, 4]. The fractional logistic map of order v can be
expressed as

C�v
ax(t) = μx(t + v− 1)(1 − x(t + v− 1))

− x(t + v− 1), (17)

Therefore, the solution of the equation (17) is given by

x(t) = x(0) + μ

�(v)

t−v∑
s=a+m−v

(t − σ(s))(v−1)

× f (s+ v− 1, x(s+ v− 1)) (18)

with t ∈ N and the classical case is obtained for m = 1. A
numerical solution of the equation (18) can be written as,

x(t) = x(0) + μ

�(v)

t∑
j=1

�(t − j+ v)

�(t − j+ 1)

× [
x(j− 1)(1 − x(j− 1)) − x(j− 1)

]
(19)

Taking the linear part

Ax(t + v− 1) = μx(t + v− 1) − x(t + v− 1), (20)

In order to apply the proportional pulse, we mutiply by K

KAx(t + v− 1) = Kμx(t + v− 1) − Kx(t + v− 1) (21)

From Theorem 2, we compute the derivate, K(μ − 1).
Therefore if K > 0 then (μ − 1) < 0 for μ < 1. For the
opposite case, if K < 0 then (μ − 1) > 0 for μ > 1.

Figure 1 shows chaotic dynamics of the fractional order
logistic model. Each trajectory obey a fractional order v, with

FIGURE 1. Time series for the Caputo Fractional Logistic Map with μ = 2.5 and
v = 1.0, 0.8, 0.6, 0.3.

FIGURE 2. Time Series of the Fractional Logistic Map with μ = 2.5, v = 1.0, 0.8.

FIGURE 3. Proportional Pulse Control in Fractional Order Logistic Map with μ = 2.5,
v = 1.0, 0.8 and K = −0.6.

the fixed value μ = 2.5. Figures 2, 4, 6 show dynamics under
variations in v, for a fixed value μ.

In Figures 3, 5 and 7 is depicted the fractional proportional
pulse control for these model. Simulations show a consistent
behaviour for values of K < 0: for small negative values we
observe the convergence towards the stable state is smoother
and slower and for negative values close to zero observe the
convergence is faster.
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FIGURE 4. Time Series of the Fractional Logistic Map with μ = 2.5, v = 1.0, 0.6.

FIGURE 5. Proportional Pulse Control in Fractional Order Logistic Map with μ = 2.5,
v = 0.6 and K = −0.3.

FIGURE 6. Time Series of the Fractional Logistic Map with μ = 2.5, v = 1.0, 0.3.

It should be noted that in all cases, the stabilization of the
system is obtained regardless the value of v and the values
of μ for which chaotic dynamics take place; we choose a
K that stabilizes the model. Note that the oscillations in the
fractional logistic map are greater than the oscillations in
the integer logistic map.

B. FRACTIONAL ORDER HENON MAP
Now we tackle another classical map. This integer model
is a quadratic two-dimensional system whose parameters α

FIGURE 7. Proportional Pulse Control in Fractional Order Logistic Map with μ = 2.5,
v = 0.3 and K = −0.1.

FIGURE 8. Fractional and Integer Order Henon Map with α = 1.4, β = 0.3
and v = 1.0, 0.9, 0.8.

and β are positive.

x(n+ 1) = y(n) + 1 − αx2(n)

y(n+ 1) = βx(n) (22)

The fractional Henon map of fractional order v, can be
expressed as

C�v
ax(t) = y(t + v− 1) + 1 − αx2(t + v− 1) − x(t + v− 1)

C�v
ay(t) = βx(t + v− 1) − y(t + v− 1) (23)

where fixed points (x1, y1) and (x2, y2) are given by
⎛
⎝1 − β +

√
(β − 1)2 + 4α

−2α
,
β − β2 + β

√
(β − 1)2 + 4α

−2α

⎞
⎠

⎛
⎝1 − β −

√
(β − 1)2 + 4α

−2α
,
β − β2 − β

√
(β − 1)2 + 4α

−2α

⎞
⎠

respectively. The matrix A standing for the linear part at
each fixed point is
(−2αx1,2 − 1 1

β −1

)
=
(

−β ±
√

(β − 1)2 + 4α 1
β −1

)
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FIGURE 9. Time Series of Fractional Order Henon Map with α = 1.4, β = 0.3
and v = 0.9.

A numerical solution of the previous system can be
written as,

x(t) = x(0) + 1

�(v)

t∑
j=1

�(t − j+ v)

�(t − j+ 1)

×
[
y(j− 1) + 1 − αx2(j− 1) − x(j− 1)

]

y(t) = y(0) + 1

�(v)

t∑
j=1

�(t − j+ v)

�(t − j+ 1)
× [

βx(j− 1) − y(j− 1)
]

(24)

From the equation (23) taking the linear part and adding
a linear perturbation via the matrix B = I we written the
system

C�v
ax(t + v− 1) = (A − BK)x(t + v− 1) (25)

with

K =
(
k1 1
β k2

)

(
C�v

ax(t)
C�v

ay(t)

)
=
[(

−β − k1 ±
√

(β − 1)2 + 4α 1
β −1

)

−
(

1 0
0 1

)(
k1 1
β k2

)](
x(t + v− 1)

y(t + v− 1)

)

Defining M = (A − BK) at the fixed point (x2, y2), we
know

M =
(

−β − k1 −
√

(β − 1)2 + 4α 0
0 −1 − k2

)
≺ 0

when k1 > −β − √
(β − 1)2 + 4α and k2 > −1 from the

computation

[
a b

]
M
[
a
b

]= a2
(

−(β + k1) ±
√

(β − 1)2 + 4α

)

− b2(1 + k2) < 0
(26)

for (a, b) ∈ R
2.

The Henon map of fractional and integer order is presented
in Figure 8. These plots compares the dynamics for x(t), y(t)

FIGURE 10. Time Series of Fractional Order Henon Map with α = 1.4, β = 0.3
and v = 0.8.

FIGURE 11. Feedback Control in the Fractional Henon Map with α = 1.4, β = 0.3,
v = 1.0, 0.9 and k1,2 = 0.4.

FIGURE 12. Difference for Fractional Order Henon Map, with α = 1.4, β = 0.3,
v = 1.0, 0.8, k1 = 0.3 and k2 = 0.1.

solutions of integer and fractional order. In Figures 9 and 10
are shown time series for x(t) and y(t) with the parameters
of α = 1.4 and β = 0.3 for a fractional order v = 0.9 and
v = 0.8.

Given Theorem 3 and the equation (26), the Henon map
is stabilized. Figures 11 and 12 describe the time series of
fractional Henon map when applied the feedback control and
we realize the stabilization of solutions.
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Figures 11 and 12 show the dynamics after applying the
feedback control; fixing k1, k2 = 0, 4 and k1 = 0.1, k2 = 0.3
stabilization is reached, the difference between them is how
fast is reached the stable state.
As the same case of fractional logistic map, the oscillations

of fractional Henon map are greater than the oscillations in
the integer Henon map.

V. CONCLUSION
In this article, fractional order discrete systems in the Caputo
sense are presented, where chaotic behavior is described. In
order to stabilize chaotic dynamics, two types of controls
are proposed: a fractional proportional pulse control and a
fractional feedback control. These controllers act in the linear
part on the fractional nonlinear system in order to stablish
Mittag-Leffler stability.
A comparison applying control was made between the

fractional and integer order equations. The two control meth-
ods we present are very simple in the implementation way
and Mittag-Leffler type stability is obtained, but they are
more conservative. Finally these proposed controls are used
to stabilize the chaotic dynamics of the fractional logistics
model and the Henon fractional map.
As future work we expect to study control sensitivity,

robustness, control effort and their characteristics of both
controllers proposed.
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