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We study an electrodynamics consistent with anisotropic transformations of space-time
with an arbitrary dynamic exponent z. The equations of motion and conserved quantities
are explicitly obtained. We show that the propagator of this theory can be regarded as a
quantum correction to the usual propagator. Moreover we obtain that both the momen-
tum and angular momentum are not modified, but their conservation laws do change. We
also show that in this theory the speed of light and the electric charge are modified with
z. The magnetic monopole in this electrodynamics and its duality transformations are
also investigated. For that we found that there exists a dual electrodynamics, with higher
derivatives in the electric field, invariant under the same anisotropic transformations.
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1. Introduction

In several areas of physics the scale-invariant systems are important. These systems

and theories of modified

have been recognized in the context of condensed matter
gravity such as MOND BI, see also 4. Of particular importance are the systems

invariant under anisotropic scale-transformations of the space-time of the form
t — b*t, T — bZ, (1)

where z plays the role of a dynamical critical-exponent. These transformations arise
in the non-relativistic limit of string theory and, through the duality AdS/CFT,
this theory can be related to condensed matter systems “*°. Recently, in addition,
P. Hotava proposed a gravity compatible with ({l). This gravity is non-relativistic
but at large distances retrieves a gravity similar to Einstein’s A noteworthy fact
of Hotava gravity is that replaces the usual dispersion relation by

k(z) _ G(k2)z =0, G = constant, K2 = k% + k:% + k%, (2)
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but more importantly, for the case of z = 3, yields a ghost-free gravity which is
renormalizable by power counting. This new gravity has features that makes it no-
table; for instance, in a natural way has an alternative mechanism to inflation 10
In addition, it can explain some cosmological phenomena without introducing dark
matter 11; some systems in this gravity can be found in 1213 Another feature
is that the dispersion relation (2)) arises not from a geodesic equation but from a
mechanics invariant under (), see LAILOIOILALSID Hofava gravity is recent and
has several aspects not well understood; for example, it presents some dynamical
problems 20'21"22'23"24'25; see also 2% A modification to Horava gravity, free from
these problems, can be found in 27'28'29; however see Y. From all this, Hofava
gravity is without a doubt an important step towards understanding the quantum
aspects of gravity.

Field theories consistent with the dispersion relation (2) for the case of z = 2 have
been studied 31=32=33=34, some systems with z = 3 can be seen in 39156 Systems
with arbitrary z have been studied in: black holes 37, nonrelativistic AdS/CFT
duality 3839, and the causal structure of Schrodinger space 40| However, the case
of z arbitrary has been seldom considered in field theory. In this paper, based
on the initial works 4142 anq 43, we study an electrodynamics compatible with
the transformations () for arbitrary z. Modified Maxwell’s equations and their
conserved quantities are first obtained for the case of z = 2 and then, based on these
results, a general model that includes derivatives of higher order in the magnetic
field is constructed. For this model we obtain a dispersion relation of the form

2
=Y ()" (3)
n>1

and show that « acts as a refraction index. Notice that the dispersion relation () is
a particular case of (). The conserved quantities are also obtained; in particular it is
shown that energy is modified, but the momentum and angular momentum remain
unchanged. In addition, we show the existence of a conserved quantity additional to
the usual ones. For this system we propose the modified Maxwell’s equations with
sources and obtain their conservation laws. In particular, the modifications to the
stress tensor are provided. Moreover, from duality transformations we consider the
problem of the magnetic monopole and show the existence of a dual electrodynamics
compatible with the dispersion relation [@]). Finally, we show that the propagator of
this theory can be regarded as a quantum correction to the usual Maxwell’s prop-
agator.

It is worth mentioning that non-relativistic Maxwell theory has been already
studied in another context 444946/ Other models with higher derivatives in the
magnetic fields can be found in ATIASI49)

This paper is organized as follows: in section 2] Hofava electrodynamics for the
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case of z = 2 is studied; in the section [3] we present the general case of arbitrary z;
an analysis of the magnetic monopole question appears in section @ we obtain the
Green function in section 5; finally our results are summarized in section

2. Electrodynamics a la Horava: z = 2

In this section we study Hotfava electrodynamics for the case of z = 2 originally
proposed in 42 For completeness we recall the definitions

EBi=—(0uAi+0:0), Bi=(VxA), Fy=04,-0A=cpB. (4
Now, let us assume we have the action
S = /cdtdfﬁ = /cdtdﬁ (aE;E; + 80, Fi,0; Fji.) - (5)
By requesting 5 = 0 one finds the equations of motion
ade By, + BO%0;Fy, = 0, 0;E; = 0. (6)

Consideration of (@) leads to the modified Maxwell’s equations

V-E=0, (7)
- - 19B
E=———
V X ~ 5 (8)
V-B=0, (9)
25) - @ OF
Vx(ﬁVB =22 (10)
From (&) and (I0) we obtain
n2 a9\ 5 n2 a9\ 5
(B(V) —C—Q@>E_o, (ﬁ(v) ~Zgp ) B=0 (11)
Then, the dispersion relation for plane waves is (k2)2 = —aw?/c.

The equations ()-(I0) are invariant under the transformations of scale
E b E, B—b 2B, t—bt, T— b, (12)
however, the action transforms as
S—b'S. (13)

A similar case occurs to the harmonic oscillator, whose equations of motion are
invariant under the scale transformations x — bz, but the action does not have this
invariance.
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2.1. Conserved quantities

By considering the equations of motion ([)-(I0) one may show that the quantities

£ = 8% /dg? (aE2 + BB v2§) : (14)
ﬁ:ﬁ a7 (aF x B), (15)
szﬁ 4z 7 x (aE x B (16)

are conserved. From these we see that the energy is different to the usual one, but
both the momentum and angular momentum remain unchanged. Below we will find
a generalization of these quantities and their conservation laws for arbitrary z.

Although Noether’s theorem does not give a conserved charge for symmetry
([@2), in the next section we will associate a conserved charge with this.

3. Electrodynamics a la Horava: General Case

We now move on to propose a model that allows one to obtain a dispersion relation
of the form (2] valid for arbitrary z. By assuming f(z) a smooth function, we pose
the action

S = / cdtdiL = / cdtdi (aEiE; — B f (V?) B)

_ /cdtd:E’ (aEE ~ SFif (V) FJ) . (17)
First let us observe that in units of momenta we have

[cdtdz®] = —(3+2), [E]=(z+1), [B]=2 [ofJ=—-(2—1). (18)
Now, if f(z) = 3,51 ana™ ™" and [a,] = 2 =1 = 2(n — 1), then [f(V)]=2-1
therefore, S has no units.

Note us that the Lagrangian can be regarded as

L=Ly+ Ly, (19)
where,
LozaE-E—a1§~§ (20)
the free part of the Lagrangian and
L= a3 (V¥)" B, (21)
n=2

the interaction one.
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Before performing the variation of .S, notice that carrying out n integrations by
parts and neglecting the boundary terms we obtain

/dfFij (V3" 6F; = (—)%/dfmj (V3" Fy, (22)
so that
/d:as (Fis (V*)" Fy) = /df (65 (V3)" Fiy + Fiy (V2)" 0F)
=2 / disFi; (V*)" Fy, (23)

from where we may define
/ dZFy, f (V?) Fyj. (24)
Thus
5/dfFijf(V2) Fij = /df(S (Fisf (V?)) Fiy

:/dfa Fy |3 an (V3)"'| By :Zan/dfzS (P (V)" Fy)

n>1 n>1
=2) an/dfmj (V)" ' Fy = 2/d:1?5Fijf (V?) Fy;. (25)
n>1
By using definition (@) and neglecting boundary terms one gets to
6/dfFijf (V) Fy; = —4/df§Aj6i (f (V) Fy) . (26)
Taking these results into account and once again neglecting boundary terms one
obtains
58 = / cdtdz2 [Mi (F(V)0;F}; + a0 Ei) + a6¢8iEz} . (27)
Therefore, S = 0 implies the equations of motion
V-E =0, (28)
- - 10B
VXE=——— 29
x e (29)
V-B=0, (30)
; 2y 5y = @ 9F
Vo (F (V1) B) =25 (31)
For f(x) = a,x*~! these yield
. . . 19B
-E=0 E=——— 32
VE=0  UxE=-9 (32
. ; so1 5\ adE
V-B=0, Vx(a (V¥ "'B)=2Z 33
’ % (a= (V) ) c Ot (33)
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Notice that the dimensions of a change for each z. As [a] = —(2 — 1), we may
assume that o is of the form {*~!, where [ is a constant with units of length. Under
this assumption, it is clear that o = 1 for z = 1, but « # 1 for z # 1. Therefore,
the constant o changes with z.

In addition to Egs. (29) and (31)) we obtain the modified wave equations

(f (V) v2—%g—;)ﬁzo, (34)
(f (V) vz—%g—;>§=o. (35)

For the case of plane waves one obtains the dispersion relation

w2a n— n

— = F=RDE? = (=) an (K)". (36)
n>1

In particular, if a, = 0 for n # z and a, = (—)*~'G, this yield

OJQOé

—— = G(k*?, (37)

c2

which is Hofava dispersion relation (2). By defining ¢’ = ¢/n with n = \/a, we can
consider « as a refraction index that changes with z.

3.1. Case with sources

The modified Maxwell’s equations with sources are

V.- E = 4mp, (38)
- - 10B
E=--2
V x S (39)
V-B=0, (40)
, N\ 47 . adE
2 —_ — _—
Vo (£(v?) B) = T+ 25 (41)

By considering equations (B8] and [Il) we obtain conservation of the electric charge:

o = -

v J=0 42

5+ : (42)
with p’ = ap. This implies that the electric charge is modified by z. For instance,
for a point particle the electric charge changes from e to ¢ = ae. Below we will find

this phenomenon also present in the Lorentz force.
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3.2. Conserved quantities

For p =0 and J = 0 one obtains the conserved quantities

£ = 8;/dx(ﬁ-ﬁ+§-f(v2)§), (43)
ﬁ:ﬁ/df(aﬁxé), (44)
L= [ax[ix (aBx B)]. (45)

As it can be seen, the energy is modified but the momentum and angular momen-
tum remain unchanged.

For the general case it is valid that

1d(€ — - C — — .
- —/da:E-J——j{da (Exr(v2) B)-n
0B 0B

+%/df(§.f(v2)ﬁ—g f(v2)1§>. (46)

The last integral in this expression is a boundary term. In fact, carrying out a
perturbative expansion we find

1 [ (=5 0B 9B
g/dx <B~f(V2) - " (V) ) = ——j{daumz, (47)

with
uy = % |:a2 (8tB18le - BzalatBl) —+ as (8thV281BZ _ Biv28talBi
+ O BiOm 0,0, B; — 9,01 Bi0m0m B;) + -+ } (48)
Hence,
1d& s - C . s N
EE“/de'J—E]{da(EXf(V)B+u)-n. (49)

Notice that in this case the energy flux is not directly related to the momentum P.
One also finds that

dpP; /4
dt

+—/dx8B F(VA)B-EB-f(v?)0 } (50)

with

%y = aB, + Bif (V) B~ 2 (0B B+ B-f (V) B). ()
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The last term in (B0) is a boundary integral as
1 — — — —
—/df 0.5 (V) B =B f (v?) o]
8me
a3 (9iBIV20; B — (V20:0;B1) By

+ (0j0m0;B1) 0 B — (8:0,,B1) (90 Bl)) 4. }

(52)
Therefore,
dg _ _/d:ﬁ’ <apE+ J >; B) + i j{damnj, (53)
where the stress tensor 7;; is given by Z
7, = aE;E; + B f (V) B — %(QE-EJFEJC (v2)1§)
+az (0,5 0,8 — (9,0:8) - B) + as(0,8,9°0; B, — (V20,0; B,) By
+ (0;0m0:B1) O By — (0:0mB1) (ajamBl)) . (54)
For p(7) = €63 (Z — &) and J(Z) = e06® (Z — #) one obtains
[ 4z (apE+ 27 % B) = ca+ o x B (53)

which is a modified Lorentz force. Note that when B = 0 this yields a modified
electric force of the form e’E with ¢/ = ae. That is, the electric charge gets modi-
fied to ¢/ = e and so, for instance, the electric potential of a point charge becomes
¢ = ae/r. A similar modification occurs to the gravitational potential of a particle

3.3. The scale transformations
Note that equations ([B2)-([B3) are invariant under the scale transformations
E b GtUE, B b 2B, t—bt, T— b (56)
Under these, the action transforms as
S —pi=2)g. (57)

Therefore, only if z = 1 the transformations (B0) are symmetries of the action. In
this case, by Noether’s theorem, we have the conserved quantity

| A
Dot = —— /dw (aE X B) - =g, (58)
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which is the generator of dilations. For arbitrary z the transformations (B8l are not
symmetries of the action, but it can be shown that the quantity

1 ==\ Lt
D:R/d:c(aExB>-x—55+/dtU, (59)

where
U:/df(a2§-v2§+2a3§-(v2)2§+---), (60)

is conserved. Thus this quantity is related to the scale transformations.

4. Duality transformations and the question of the magnetic
monopole

The usual Maxwell’s equations in vacuum are invariant under the duality transfor-
mations

(E,B) —» (- B,E). (61)

Introducing these into the modified Maxwell’s equations (28)-(BI]) one finds the dual
equations

Voi=o, Ux(f(v)E)=-220 (62)
Lo - - 10FE

Therefore, unlike the usual case, the equations are not self-dual. Now one gets a
system of modified Maxwell’s equations with the Faraday’s law modified. It can be
observed that these equations imply the wave equations (34)) and (B5), and so Egs.
([62)-([63) are also consistent with the dispersion relation (B6I).

Now, notice that in terms of the scalar magnetic potential gz~5 and the electric
vector potential A; one has

Bi = — (8@51211' + 81(5) 5 Ez = Eijkajzzlk. (64)
Dual equations ([62)-(G3]) can be obtained from the dual action
= / cdtdz (aBiBi - %F] £(v?) FJ> , (65)

which is compatible with the dispersion relation (B8] and in particular with (2I).
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Let us now consider the modified Maxwell’s equations including magnetic
monopoles

L o . 4T - 108
V'E—4.7Tpea VxFE=-— <7Jm+zﬁ>u (66)
L - _ 47 - aOE
. = 2 g -
V. B = drpp, VX(f(V)B) T (67)

By performing the duality transformations

(E’aé)_)(_éaﬁ)v (peapM)%(_pﬂ’UPE)v (ijM)%(_jma‘]_’e)v (68)
one obtains the dual equations
o o - _ 4T - a OB
V~E:47Tpe; V x (f (VQ) E) = — (7Jm+ZE> y (69)
.- . - 4w 10E
VB =A47mppy, VxB=—J,+——.
c c Ot

Then, if we have solutions of the equations (G0)-(67), by duality transformations

([68), solutions to ([@)-(0) are obtained.

(70)

Some topics on the magnetic monopole for the case of z = 2 have been discussed

in 50.

5. Green Function

Introducing the definitions of the potentials into [B8) and {@I]) we find

V2 + %Wat'A = —4rp, (71)
f(v2)v21—%%27f—6-(f(vz’)ﬁ-fh%%)=—4?7“ (72)
Using the Coulomb gauge, V-A= 0, in the static case we have
V2 = —dmp, f(V?) VA= —47717. (73)
If £ (V2) = a. (V2)""" we obtain
V2 =—dmp, (V) A=- 045 J. (74)
The solution for A is given by
@) = -2 [ a6 @) T @), (75)

where

G(f,fl):/dfzd:?z_l---dngo (%,4.) Go (T2, Tor) - Go (T2, 1), (76)
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and
-1

Go ($a7 xb) m

11

(77)

is the Green function for the Maxwell static theory. Remarkably the Green function
([76) seems like a quantum correction of order z to the Maxwell’s static two-point

function 01152

As it may be seen, the Lorentz gauge condition is substituted by

N 1o 200 _
f(V)V-A+ il
In terms of this, one obtains
2 a & _ 2
neoz @ 0P\ o Am o
(1w ) 1=
For this case the potentials are
o(#,1) = [ d'dt {f (v2) » ’)}g (7).
A(Z 1) = /d "t J(T)g (1? 7') R=z—-% 7=t—t
where
23 1 7 i(E-R—wr) ~ (1.2
g(R,T) =13 dkdwe'( )g(k ,w)
with

g (k*w) = w2 — k202 f (—k2)

If k2¢2 f (—k?) = k% + a. (k?), we can find
012

g (kQ’w) T 02 _ k202 _ a. (k2)°

At low energies, the propagator is dominated by the Maxwell theory

1 1 z 1
~ 12 —n 2
g(k ,w) =c (wz_kzc/z +w2_k20,2(1z (k ) 02 _ k202 +>

(84)

Therefore we can see this theory as a quantum correction to the Maxwell classical

theory.
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In the high energies regime, the propagator is dominated by ¢ (k2, w) =c?/(w?-
a- (k?)7), that is

1 1 1
5 k2 _ 2 k2 /2 .- 1. (85
g (K w) =c (oﬂ_az T R o %)

The same occurs in the Hotava gravity 9

6. Summary

In this work we studied an electrodynamics consistent with anisotropic transfor-
mations of the space-time with an arbitrary dynamic exponent z. The equations
of motion and conserved quantities were obtained. It was shown that the propaga-
tor of this theory can be regarded as a quantum correction to the usual Maxwell’s
propagator. Also, it was shown that the momentum and angular momentum remain
unchanged, but their conservation laws have modifications. It was shown that both
the speed of light and electric charge run with z. The existence of an additional
conserved quantity that changes with z was also shown which, if z = 1, is reduced
the generator of dilations. In addition, the question of the magnetic monopole was
considered, and this lead to showing a dual electrodynamics invariant under the
same anisotropic transformations.

In a further work we will study the quantum version of this model. From (5]
a better UV behavior than the usual case is expected. Moreover from propagator
[®3) and equations (&4)-(8E) we can expect that this model has two fixed points.
We hope to prove this affirmation with the renormalization group and study the
crossover between these fixed points. We will also couple this field with matter.
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